In this paper, we are concerned with calculating r(k, n), the length of the longest k-Ap free subsequences in 1, 2, . . . , n. We prove the basic inequality r(k, n) n − ⌊m/2⌋, where n = m(k − 1) + r and r < k − 1. We also discuss a generalization of a famous conjecture of Szekeres (as appears in Erdős and Turán [4] ) and desecribe a simple greedy algorithm that appears to give an optimal k-AP free sequence infinitely often. We provide many exact values of r(k, n) in the Appendix.
Introduction
Let n denote the sequence 1, 2, . . . , n. A subsequence of n is called k-AP free if it does not contain any k-term arithmetic progression. Define the following: r(k, n) = length of the longest k-AP free subsequences in n , S(k, n) = {S ⊆ {1, 2, . . . , n} : S is k-AP free and |S| = r(k, n)} , b(k, n) = |S(k, n)|.
and conjectured that lim n→∞ r(3, n)/n = 0, which was proved in 1975 by Szemeredi [8] . Erdős and Turán also conjectured that r(3, n) < n 1−c , which was shown to be false by Salem and Spencer [6] , who proved r(3, n) > n 1−c/ log log n , which was further improved by Behrend [1] to r(3, n) > n 1−c/ √ log n .
Recently, Elkin [3] has further improved this lower bound by a factor of Θ( √ log n). The first non-trivial upper bound was due to Roth [5] who proved r(3, n) < cn/ log log n.
Sharma [7] showed that Erdős and Turán gave the wrong value of r (3, 20) and determined the values of r(3, n) for n 27 and 41 n 43. Recently, Dybizbański [2] has computed the exact values of r(3, n) for all n 123 and proved for n 16 that r(3, 3n) n.
Szekeres' conjecture
Erdős and Turán [4] noted that there is no 3-term arithmetic progression in the sequence of all numbers n, 0 n 1 2 (3 t − 1), which do not contain the digit 2 in the ternary scale. Hence for every t 1, r 3, (3 t + 1)/2 2 t as we obtain the 3-AP-free sequence of length 2 t in (3 t + 1)/2 by adding 1 to each of those numbers that does not contain digit 2 in the ternary scale. Szekeres conjectured that for every t 1, r 3, (3 t + 1)/2 = 2 t , and more generally, for any t and any prime p, r p,
A generalization of Szekeres' conjecture will be given in Section 4.
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2 A basic inequality for r(k, n)
Let ap(k, n) denote the set of all k-APs from the numbers 1, 2, . . . , n. Let ap(k, n; v) denote the set of all k-APs, each containing v, from the numbers 1, 2, . . . , n. Let c(k, n) and c(k, n; v) denote |ap(k, n)| and |ap(k, n; v)|, respectively. Let c i (k, n; v) be the number of k-APs, each containing v as the i-th element in the AP, from the numbers 1, 2, . . . , n. Also define c max (k, n) as the maximum of c(k, n; x) over x = 1, 2, . . . , n.
In this section, we determine an exact expression for c(k, n) and an upper-bound for c max (k, n) to obtain a basic inequality for r(k, n). The following observation is crucial for the proofs in this paper:
, otherwise.
and c(k, n; x) = k j=1 c j (k, n; x).
Example 1. Consider k = 4 and n = 17. Here, r(4, 17) = 11 with an example S = {1, 2, 4, 5, 6, 10, 12, 13, 15, 16, 17} ∈ S(4, 17) . 1 2 3 4  5  6  7  8  9 10 11 12 13 14 15 16 17  1  5 5 4 4  4  3  3  3  2  2  2  1  1  1  0  0  0  2  0 1 2 3  4  5  5  4  4  3  3  2  2  1  1  0  0  3  0 0 1 1  2  2  3  3  4  4  5  5  4  3  2  1  0  4  0 0 0 1  1  1  2  2  2  3  3  3  4  4  4  5 5 c(4, 17; x) 5 6 7 9 11 11 13 12 12 12 13 11 11 9 7 6 5 Here c(4, 17; x) = c 1 (4, 17; x) + c 2 (4, 17; x) + c 3 (4, 17; x) + c 4 (4, 17; x) . For example, c(4, 17; 13) = 1 + 2 + 4 + 4 due to the following 4-APs in ap(4, 17) that contain 13, namely ap (4, 17; 13): {13, 14, 15, 16} , {12, 13, 14, 15} , {11, 13, 15, 17} , {5, 9, 13, 17} , {7, 10, 13, 16} , {9, 11, 13, 15} , {11, 12, 13, 14} , {1, 5, 9, 13} , {4, 7, 10, 13} , {7, 9, 11, 13} , {10, 11, 12, 13} .
Observation 2. For x = 1, 2, . . . , ⌊n/2⌋, c(k, n; x) = c(k, n; n − x + 1), that is, the sequence c(k, n; x) with x = 1, 2, . . . , n is symmetric.
Proof. We have the following cases:
(a) For j = 1, using Observation 1, we have
(b) For other values of j,
then taking x ′ = n − x + 1 and j ′ = k − j + 1, and using Observation 1,
The last equality follows from the fact that
Therefore, c(k, n; x) with x = 1, 2, . . . , n is symmetric.
Proof. (a) Take y m(j − 1) and assume
Since y m(j − 1), we have (y − 1) m(j − 1) − 1, and hence
Again, since y m(j − 1), we have
Now, we have the following contradiction
(b) Take y n − m(k − j) + 1 and assume
Similar reasoning as (a) leads to a contradiction.
(c) Here, n − m(k − j) can be written as m(j − 1) + r and m(j − 1) + 1 can be written as n−m(k −j)−(r −1). There are exactly r elements in m(j −1)+1, . . . , n−m(k −j), and for any x in this range,
Lemma 2. Given positive integers k and n, let n = m(k − 1) + r with 0 r k − 2. Denote a sequence a, a, . . . , a with a repeated b times as a b , and consider a 0 to be an empty sequence. Then for 1 j k, the sequence c j (k, n; x) with 1 x n has the form 0
Proof. Using Observation 1, we have for j = 1:
and more specifically,
. . .,
Hence, the sequence c 1 (k, n; x) with x = 1, 2, . . . , n is
Similarly, for j = k, we have
and hence the sequence c k (k, n; x) with x = 1, 2, . . . , n is
For 2 j k − 1, by Lemma 1, we have
Hence, we get the sequence c j (k, n; x) for x = 1, 2, . . . , n as
Corollary 1. Given positive integers k and n, let m = ⌊n/(k − 1)⌋ and n = m(k − 1) + r. Then
Proof. From the definition of c 1 (k, n; x) in Lemma 2, for 1 x n, we have,
Corollary 2. Given positive integers k and n, let n = m(k − 1) + r with r < k − 1 and 1 j k. Then for x = 1, 2, . . . , n, c j (k, n; x) m.
Proof. Follows from Lemmas 1 and 2.
Trivially, c max (k, n) mk. The following Corollary slightly improves the bound.
Corollary 3. Given positive integers k and n, let n = m(k − 1) + r with r < k − 1 and
Proof. For any x ∈ {1, 2, . . . , n}, using the definitions of c 1 (k, n; x) and c k (k, n; x) from Lemma 2, we have,
Hence, using c 1 (k, n; x) + c k (k, n; x) m and c j (k, n; x) m (by Corollary 2) for 1 j k, we have
It can be observed that the upper bound in Corollary 3 is the best possible for c max (k, n). The following theorem gives an upper bound of r(k, n), which is very close to actual values (see Appendix C for experimental results). Proof. Using Corollaries 2 and 3, we have For example, for k = 5, the length of the period is 24 and the periodic increase in the value of c max (k, n) is 20, as indicated in the following table: Conjecture 2. Given an odd positive integer k, the size of the largest subset U of {1, 2, . . . , n} for any positive integer n, with each x ∈ U having the same c(k, n; x), is bounded from above by a constant f (k) k 2 .
The implications of Conjecture 2 being true is as follows: Let w = c max (k, n) and consider the largest ℓ such that
See Appendix A for data supporting Conjectures 1 and 2.
Unimodality lemmas
A sequence is called unimodal if it is first increasing and then decreasing. In this section, we prove some lemmas on sequences regarding c(k, n; x) for k 3.
Lemma 3. Given positive integers k and n, for any j ∈ {2, 3, . . . , k − 1}, the sequence c j (k, n; x) with x = 1, 2, . . . , n is unimodal.
Proof. Follows directly from Lemma 2.
Lemma 4. The sequence c(3, n; i) with i = 1, 2, . . . , n is unimodal.
Proof. From Observation 1,
if j = 2 and x ⌊n/2⌋; n − x, if j = 2 and x > ⌊n/2⌋;
By Observation 2, c(3, n; i) equals c(3, n; n − i + 1) for i = 1, 2, . . . , ⌊n/2⌋. Now, we consider the following two cases:
1. (n = 2m). For i = 1, 2, . . . , m − 1, we have c 2 (3, n; i + 1) = c 2 (3, n; i) + 1, and also for i = 1, 2, . . . , m, c 1 (3, n; i) + c 3 (3, n; i) = 2m − i
Therefore, for i = 1, 2, . . . , m − 1, c(3, n; i + 1) = (m − 1) + c 2 (3, n; i) + 1 = c(3, n; i) + 1. 2. (n = 2m + 1). For i = 1, 2, . . . , m, we have c 2 (3, n; i + 1) = c 2 (3, n; i) + 1, and also c 1 (3, n; i) + c 3 (3, n; i) = 2m
If i = 2j (j 1), then
If i = 2j + 1 (j 0), then
Therefore, for i = 1, 2, . . . , m,
• If i is odd, then c(3, n; i + 1) = c 1 (3, n; i + 1) + c 2 (3, n; i + 1) + c 3 (3, n; i + 1) = c 2 (3, n; i) + 1 + (m − 1) = c 2 (3, n; i) + m = c 2 (3, n; i) + c 1 (3, n; i) + c 3 (3, n; i) = c(3, n; i).
• If i is even, then c(3, n; i + 1) = c 1 (3, n; i + 1) + c 2 (3, n; i + 1) + c 3 (3, n; i + 1) = c 2 (3, n; i) + 1 + m = c 2 (3, n; i) + (m − 1) + 2 = c 2 (3, n; i) + c 1 (3, n; i) + c 3 (3, n; i) + 2 = c(3, n; i) + 2.
Hence, c(3, n; i) with i = 1, 2, . . . , n is unimodal.
Lemma 5. For k 4, there are infinitely many n such that the sequence c(k, n; i) with i = 1, 2, . . . , n is unimodal.
Proof. We show that c(k, n; i) for 1 i n with n = lcm {1, 2, . . . , k − 1} · m (where m 1) is unimodal. Since n is even, n/2 is an integer. By Observation 2, the sequence c(k, n; i) with 1 i n is symmetric. So assume i n/2. Let lcm {1, 2, . . . , k − 1} be equal to h r · r with 2 r k − 1, and i ≡ s (mod k − 1) with t = ⌊i/(k − 1)⌋. Now,
Therefore,
Similarly, c k (k, n; i + 1) = c k (k, n; i) + 1, if s = 0; c k (k, n; i), otherwise.
Hence, c 1 (k, n; i) + c k (k, n; i) remains constant for 1 i n. Again, for 1 i n/2, we have
For 2 j k − 1, we want to show c j (k, n; i + 1) + c k−j+1 (k, n; i + 1) c j (k, n; i) + c k−j+1 (k, n; i).
Assume j > ⌊k/2⌋. This implies k − j j − 1. Since i − 1 n − i, we have
So for 1 i n/2 − 1, and considering i ≡ s (mod j − 1) and t = ⌊i/(j − 1)⌋, we have,
Take j ′ = k − j + 1, and then
Therefore, c j (k, n; i + 1) + c j ′ (k, n; i + 1) c j (k, n; i) + c j ′ (k, n; i).
So the sequence c(k, n; x) with 1 x n/2 is non-decreasing and hence the sequence c(k, n; x) with 1 x n is unimodal for infinitely many n.
Uniqueness conjectures
In this section, we generalize Szekeres' conjecture and provide a construction for the lower bound. We also provide a construction algorithm for r(k, n). Define
We have the following experimental data, based on which we formulate Conjectures 3 and 4:
J(3, 123) = {(2, 2), (5, 4) , (14, 8) , (30, 12), (41, 16), (74, 22), (84, 24) , (104, 28), (114, 30) , (122, 32)}, J(5, 105) = {(2, 2), (3, 3) , (4, 4) , (9, 8), (14, 12), (19, 16), (44, 32), (69, 48) , (94, 64)} , J(7, 139) = {(2, 2), (3, 3) , (4, 4) , (5, 5) , (6, 6) , (13, 12), (20, 18) , (27, 24) , (34, 30) , (41, 36) , (90, 72), (139, 108)}, J(11, 117) = {(2, 2), (3, 3) , (4, 4) , (5, 5) , (6, 6) , (7, 7) , (8, 8) , (9, 9), (10, 10), (21, 20) , (32, 30) , (43, 40), (54, 50), (65, 60), (76, 70), (87, 80), (98, 90), (109, 100)}, J(13, 161) = {(2, 2), (3, 3) , (4, 4) , (5, 5) , (6, 6) , (7, 7) , (8, 8) , (9, 9), (10, 10), (11, 11), (12, 12) , (25, 24) 
and b (p, x) = 1 where 1 x p − 2 or else
.
It can be observed that Szekeres' conjecture is a special case of Conjecture 3 with i = 1. 
Construction for the lower-bound of Conjecture 3
For a prime p > 3 and 1 i p − 1, take
We can construct a p-AP free subset of {1, 2, . . . , n} of size i · (p − 1) t as follows:
It can be observed that
Lemma 6. The S ℓ 's for 0 ℓ t − 1 are disjoint.
Proof. Each element in S 0 is divisible by p, and no element in any other S ℓ is divisible by p. So S 0 is disjoint from every other S ℓ . For 2 ℓ t − 1,
and hence S ℓ ∩ S u = ∅ for 1 u ℓ − 1.
Lemma 7. For a prime p > 3 and 1 i p − 1,
Proof. We can write the summation t−1 j=0 |S j | as follows:
The fact
can be easily proven using induction on t and using the fact that
Now, we have
Lemma 8. Given a prime p > 3, n = ip t − t−1 ℓ=0 p ℓ with 1 i p − 1, and the set T = {1, 2, . . . , n}; the set T 1 contains no p-AP with
{dz (mod p)} = {1, 2, . . . , p − 1}
and so there exists 1 z p − 1 for any 1 j p − 1 such that dz ≡ j (mod p). But, this is a contradiction as there is no number in T 1 which is divisible by p. Lemma 9. The set T t is p-AP free.
Proof. By construction, T t contains no p-AP with d ∈ {1, p, p 2 , . . . , p t }. By Lemma 8, T t does not contain a p-AP with any other d. Hence T t is p-AP free.
A construction algorithm for r(k, n)
In this section, we propose a greedy algorithm for construction of k-AP free subsequence of 1, 2, . . . , n. We call this algorithm Bi-symmetric Greedy Algorithm (BGA) as it builds a fully symmetric subsequence that is k-AP free.
1. Take T = {1, n}.
2. Choose the smallest j ∈ {1, 2, . . . , n} − T such that T ∪ {j, n − j + 1} is k-AP free.
Set T = T ∪ {j, n − j + 1}.
3. Repeat step 2 until no such j can be found.
From experimental data, we have the following observation:
Observation 3. Consider a prime p > 3. Then |BGA(p, x)| = x if 1 x p − 2, or else for 1 i p − 1 and t 1,
See Appendix B for supporting data.
A Computed values f (7) = 14, c max (7, n − 120) = c max (7, n) + 94 for n 467 B BGA results 2, 4, 5, 10, 11, 13 2, 4, 5, 10, 11, 13, 14, 28, 29, 31, 32, 37, 38, 40 2, 4, 5, 10, 11, 13, 14, 28, 29, 31, 32, 37, 38, 40, 41, 82, 83, 85, 86, 91, 92, 94, 95, 109, 110, 112, 113, 118, 119, 121 , 122} 2, 4, 5, 10, 11, 13, 14, 28, 29, 31, 32, 37, 38, 40, 41, 82, 83, 85, 86, 91, 92, 94, 95, 109, 110, 112, 113, 118, 119, 121, 122, 244, 245, 247, 248, 253, 254, 256, 257, 271, 272, 274, 275, 280, 281, 283, 284, 325, 326, 328, 329, 334, 335, 337, 338, 352, 353, 355, 356, 361, 362, 364 2, 4, 5, 10, 11, 13, 14, 28, 29, 31, 32, 37, 38, 40, 41, 82, 83, 85, 86, 91, 92, 94, 95, 109, 110, 112, 113, 118, 119, 121, 122, 244, 245, 247, 248, 253, 254, 256, 257, 271, 272, 274, 275, 280, 281, 283, 284, 325, 326, 328, 329, 334, 335, 337, 338, 352, 353, 355, 356, 361, 362, 364, 365, 730, 731, 733, 734, 739, 740, 742, 743, 757, 758, 760, 761, 766, 767, 769, 770, 811, 812, 814, 815, 820, 821, 823, 824, 838, 839, 841, 842, 847, 848, 850, 851, 973, 974, 976, 977, 982, 983, 985, 986, 1000, 1001, 1003, 1004, 1009, 1010, 1012, 1013, 1054, 1055, 1057, 1058, 1063, 1064, 1066, 1067, 1081, 1082, 1084, 1085, 1090, 1091, 1093, 1094} p = 5 2, 3, 4, 6, 7, 8, 9, 11, 12, 13, 14, 16, 17, 18, 19, 26, 27, 28, 29, 31, 32, 33, 34, 36, 37, 38, 39, 41, 42, 43, 44, 51, 52, 53, 54, 56, 57, 58, 59, 61, 62, 63, 64, 66, 67, 68, 69, 76, 77, 78, 79, 81, 82, 83, 84, 86, 87, 88, 89, 91, 92, 93 2, 3, 4, 6, 7, 8, 9, 11, 12, 13, 14, 16, 17, 18, 19, 26, 27, 28, 29, 31, 32, 33, 34, 36, 37, 38, 39, 41, 42, 43, 44, 51, 52, 53, 54, 56, 57, 58, 59, 61, 62, 63, 64, 66, 67, 68, 69, 76, 77, 78, 79, 81, 82, 83, 84, 86, 87, 88, 89, 91, 92, 93, 94, 126, 127, 128, 129, 131, 132, 133, 134, 136, 137, 138, 139, 141, 142, 143, 144, 151, 152, 153, 154, 156, 157, 158, 159, 161, 162, 163, 164, 166, 167, 168, 169, 176, 177, 178, 179, 181, 182, 183, 184, 186, 187, 188, 189, 191, 192, 193, 194, 201, 202, 203, 204, 206, 207, 208, 209, 211, 212, 213, 214, 216, 217, 218, 219} p = 7 t = 1, i = 1, |BGA(7, 6)| = 6 BGA(7, 6)| = {1, 2, 3, 4, 5, 6} t = 1, i = 2, |BGA(7, 13)| = 12 BGA(7, 13)| = {1, 2, 3, 4, 5, 6, 8, 9, 10, 11, 12 , 13} t = 1, i = 3, |BGA(7, 20)| = 18 BGA (7, 20) 2, 3, 4, 5, 6, 8, 9, 10, 11, 12, 13, 15, 16, 17, 18, 19 , 20} t = 1, i = 4, |BGA(7, 27)| = 24 BGA(7, 27)| = {1, 2, 3, 4, 5, 6, 8, 9, 10, 11, 12, 13, 15, 16, 17, 18, 19, 20, 22, 23, 24, 25, 26 , 27} t = 1, i = 5, |BGA(7, 34)| = 30 BGA(7, 34)| = {1, 2, 3, 4, 5, 6, 8, 9, 10, 11, 12, 13, 15, 16, 17, 18, 19, 20, 22, 23, 24, 25, 26, 27, 29, 30, 31, 32, 33 , 34} t = 2, i = 1, |BGA(7, 41)| = 36 BGA(7, 41)| = {1, 2, 3, 4, 5, 6, 8, 9, 10, 11, 12, 13, 15, 16, 17, 18, 19, 20, 22, 23, 24, 25, 26, 27, 29, 30, 31, 32, 33, 34, 36, 37, 38, 39, 40 , 41} t = 2, i = 2, |BGA(7, 90)| = 72 BGA(7, 90)| = {1, 2, 3, 4, 5, 6, 8, 9, 10, 11, 12, 13, 15, 16, 17, 18, 19, 20, 22, 23, 24, 25, 26, 27, 29, 30, 31, 32, 33, 34, 36, 37, 38, 39, 40, 41, 50, 51, 52, 53, 54, 55, 57, 58, 59, 60, 61, 62, 64, 65, 66, 67, 68, 69, 71, 72, 73, 74, 75, 76, 78, 79, 80, 81, 82, 83, 85, 86, 87, 88, 89 , 90} t = 2, i = 3, |BGA(7, 139)| = 108 BGA(7, 139)| = {1, 2, 3, 4, 5, 6, 8, 9, 10, 11, 12, 13, 15, 16, 17, 18, 19, 20, 22, 23, 24, 25, 26, 27, 29, 30, 31, 32, 33, 34, 36, 37, 38, 39, 40, 41, 50, 51, 52, 53, 54, 55, 57, 58, 59, 60, 61, 62, 64, 65, 66, 67, 68, 69, 71, 72, 73, 74, 75, 76, 78, 79, 80, 81, 82, 83, 85, 86, 87, 88, 89, 90, 99, 100, 101, 102, 103, 104, 106, 107, 108, 109, 110, 111, 113, 114, 115, 116, 117, 118, 120, 121, 122, 123, 124, 125, 127, 128, 129, 130, 131, 132, 134, 135, 136, 137, 138, 139} p = 11 t = 1, i = 1, |BGA(11, 10)| = 10 BGA(11, 10)| = {1, 2, 3, 4, 5, 6, 7, 8, 9 , 10} t = 1, i = 2, |BGA(11, 21)| = 20 BGA(11, 21)| = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21} the electronic journal of combinatorics 16 (2009), #R00
